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EXTENSIONS OF LATTICE GROUPS, GERBES AND CHIRAL
FERMIONS ON A TORUS
JOUKO MICKELSSON
Abstract. Motivated by the topological classification of hamiltonians in con-
densed matter physics (topological insulators) we study the relations between
chiral Dirac operators coupled to an abelian vector potential on a torus in 3 and
1 space dimensions. We find that a large class of these hamiltonians in three
dimensions is equivalent, in K theory, to a family of hamiltonians in just one
space dimension but with a different abelian gauge group.
The moduli space of U(1) gauge connections over a torus with a fixed Chern
class is again a torus up to a homotopy. Gerbes over a n-torus can be realized
in terms of extensions of the lattice group acting in a real vector space. The
extension comes from the action of the lattice group (thought of as ”large”
gauge transformations, homomorphisms from the torus to U(1)) in the Fock
space of chiral fermions. Interestingly, the K theoretic classification of Dirac
operators coupled to vector potentials in this setting in 3 dimensions can be
related to families of Dirac operators on a circle with gauge group the 3-torus.
1. Introduction
Topological classification of hamiltonians in condensed matter physics has at-
tracted considerable interest in recent years. Families of hamilton operators para-
metrized by some topological space X lead to a study of the K group K(X) of X.
Typically the physical space is compactified as a torus T d and the hamiltonians
are some simple perturbations of the (chiral) Dirac operator on T d. Often there
are discrete symmetries (time reversal, charge conjugation, parity) which make
the classification richer, in terms of the Real K theory groups KR(X), giving the
’periodic table’ for topological insulators [1], [2].
In this paper we shall just restrict us to the complex K theory groups K(X).
The Dirac operators are coupled to an abelian gauge potential (Maxwell field or
its generalization). The real interest is in the case of space dimension d = 3
but interestingly we can show that a large class of chiral hamiltonians is actually
equivalent, in terms of K theory, to a family of hamiltonians on the circle S1 with
another abelian gauge group.
The canonical quantization of chiral hamilton operators leads to projective
Hilbert bundle (a gerbe) over the moduli space of gauge connections. In the
nonabelian case these have studied earlier in [6]. In the abelian case there are
important simplifications. It turns out that the gerbe can be constructed from a
central extension of a transformation groupoid, the lattice group Z3 acting on the
real vector space R3.
A gerbe can be alternatively described in terms of local complex line bundles over
intersections of open sets in a cover. In the case at hand, pulling back to R3 by the
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projection π : R3 → T 3 the gerbe can be trivialized with respect to the pull-back
of the open cover; this leads to a family of local complex line bundles over R3 with
singularities at lattice points parametrized by the Z3 action. Interestingly, these
line bundles are renormalized infinite sums of monopole line bundles at the lattice
points, the total curvature coming from the curvature of a certain Grassmann
manifold modelled by Schatten ideals. This construction can be viewed as a special
case of the abstract gauge group extension in [13].
Finally, in Section 5 an alternative method for constructing gerbes over compact
Lie groups is presented in terms of finite-dimensional groupoid extensions using a
similar idea as in the construction of the central extension of the transformation
groupoid R3 × Z3 → R3 through canonical quantization of fermions on a torus.
In the hamiltonian quantization of chiral fermions coupled to a nonabelian vector
potential the group of gauge transformations acts through an abelian extension. In
particular, in the case of 3-dimensional physical space M the extension manifests
as a 2-cocycle of the form [3],[4]
(1.1) c(X,Y ) =
i
24π2
∫
M
trA(dXdY − dY dX)
for a pair X,Y of infinitesimal gauge transformations acting on Weyl spinors and a
gauge potential A, the trace being computed in a finite-dimensional representation
of a compact gauge group G. The cocycle condition here reads
c([X,Y ], Z)+c([Y,Z],X)+c([Z,X], Y )−LXc(Y,Z)−LY c(Z,X)−LZ c(X,Y ) = 0
with LX the Lie derivative acting on functions of the potential A. Ideally, the
group G of smooth maps M → G would be represented in a Hilbert space arising
from the quantization of fermions and the gauge connection. However, unlike in
the case of a 1 + 1 dimensional space time such a (faithful) representation is not
known. The obstruction comes from the fact that no suitable measure is known
to exist in the space A of vector potentials in three space dimensions.
In this paper we concentrate on the case of an abelian gauge field with gauge
group G = U(1). We assume that the 3-dimensional space M is compactified as
the 3-torus T 3. In this case the Lie algebra cocycle defining the extension becomes
trivial, but there remains a global 2-cocycle supported in the group of large gauge
transformations Z3 = Hom(T 3, U(1)). It turns out that using the subgroup G0
of contractible gauge transformations the remaining degrees of freedom can be
factorized as A′′ ⊕ R3 where also the first summand is contractible and the large
gauge transformations Z3 act as translations on the space R3 of constant gauge
connections on the torus.
The quantization of chiral fermions creates a 2-cocycle for the action of the
group Z3. on R3. Since the residual gauge group action on the infinite dimensional
part A is trivial we can concentrate on the action on the fermionic Fock spaces
parametrized by the constant potentials R3. Using the Lebesgue measure on R3
we can define the Hilbert space H as the space of square integrable functions on
R
3 with values in the fermionic Fock space F . The extension of the gauge group
Z
3 is then unitarily and faithfully represented in H.
This paper was inspired by several discussions on condensed matter problems
and Schwinger terms with Edwin Langmann, which is gratefully acknowledged.
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2. Topological classification of the Dirac operators on a 3-torus
Let us specify the setting for 1-particle fermions. We fix a compact 3-dimensional
spin manifold M, later to be fixed the 3-torus T 3. Normally, the abelian extension
of a gauge current algebra comes from coupling a nonabelian vector potential A
(1-form on M with values in the Lie algebra g of a compact gauge group G) to
2-component Weyl fermions. The canonical quantization of the Weyl fermions
induces the 2-cocycle (1.1) on the Lie algebra Map(M, g) when acting in the
fermionic Fock spaces coupled to A.
Let us now change the setting in the following way. Consider Dirac fermions (4
components) coupled to the nonabelian vector potential A in the usual way, and
in addition let us couple the fermions chirally to an abelian vector potential a;
that is, a is only coupled to the left handed fermions but not to the right handed
fermions.
The chiral anomaly is computed using the families index theorem [5]. In four
space-time dimensions one takes the 6-form part of the index form
tr AˆeF/2πi
where Aˆ is the A-roof genus computed from the Riemann tensor and F is the
curvature form F = dA+ 12 [A,A]. In most cases in 4 dimensions Aˆ vanishes (and
in particular on a torus or a sphere) so let us assume that this is the case. The
6-form part is then
1
6 · (2πi)3 trF
3.
The chiral anomaly and the Schwinger terms are calculated by transgression start-
ing from the above expression. However, in the case of Dirac fermions the contri-
butions from the left and right sectors come with opposite signs and they cancel.
But now a is chirally coupled to the fermions there is a piece which is left over,
namely
i
24π2
tr (f3 + 3fF 2).
Here f = da is the field strength of the abelian (Maxwell) potential. Again by
transgression this leads to a mixed Schwinger term
(2.1) c(X,Y ) =
i
24π2
∫
M
f tr(XdY − Y dX).
Here f is fixed as the field strength of the external Maxwell field. Thus we get a
central extension of the current algebra Map(M, g).
The above central extension has an operator theoretic derivation similar to the
construction of the current algebra in 1+1 dimensions in the fermionic Fock space.
Now the grading operator is the sign ǫa of the hamiltonian Da = D0 +
1
2(γ5 + 1)a
where D0 is the free Dirac hamiltonian.
Then one can check that [ǫa,X] is conditionally Hilbert-Schmidt. Conditionally
means here that when computing traces of operators one has to take first the
trace over spin and gauge algebra indices and then perform space and momentum
integration for pseudodifferential operators. The trace over spin indices for Dirac
fermions makes that the diverging contributions from the left and right sector
cancel. They cancel totally if a = 0 but in the case of a 6= 0 there is a left-over
piece when expanding ǫa in powers of a. This calculation can be done explicitly
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using residue calculus [8], [9]. In the canonical quantization of fermions in 1 +
1 dimensions the gauge algebra is centrally extended and the 2-cocycle of the
extension can be evaluated (when the physical space is compactified as a circle S1)
from
(2.2) trC X[ǫ, Y ] = Res ǫX[ℓ, Y ] =
1
2πi
∫
S1
trXdY
for a pair X,Y : S1 → g of infinitesimal gauge transformations where ℓ is a
logarithmic symbol (the log of the momentum operator in one dimension) and
Res is the Wodzicki operator residue. Here the conditional trace trC is calculated
in a bases where ǫ is diagonal. In general, the first equality is true only up to
coboundaries of cocycles but it can always be used when the Hilbert-Schmidt
condition is satisfied for the off-diagonal blocks. The equality comes from
trC X[ǫ, Y ] = −TRQ [X,Y ]ǫ+TRQ [Xǫ, Y ].
Here TRQ denotes a weighted trace in the sense of [18], now the weight Q is given
by the Dirac operator. The first term on the right is a coboundary of a 1-cochain.
The second term is a residue by the general rule for pseudo differential operators,
TRQ [A,B] = −ResA[ℓ,B],
for ℓ = log Q, see e.g. eq (4) in [18]. The second equality in (2.2) is then a simple
consequence of asymptotic calculus of pseudo differential symbols.
Now let us concentrate on the abelian case with gauge group U(1), A = 0 and
X,Y : M → iR infinitesimal gauge transformations acting on the abelian vector
potential a. We also assume that the physical space M is the 3-torus T 3. At first
sight the extension of the gauge algebra defined by the cocycle c is trivial since
c = δb where b is the cochain
b(a;X) =
−i
24π2
∫
T 3
da ∧ aX.
However, this is not the whole story. First, the group G of gauge transformations
g : T 3 → U(1) is disconnected,
G = Z3 × G0
where the elements of Z3 corresponds to the large gauge transformations g(x1, x2, x3) =
exp (2πin · x) with n ∈ Z3 and G0 consists of the contractible maps T 3 → U(1)
which can be written as g = exp (2πX) with X : T 3 → iR periodic on the interval
[0, 1]3.
We can define a group cocycle on G such that the corresponding Lie algebra
cocycle is c. It is given by the formula
(2.3) C(a; g, g′) = e2πi
∫
T3
a∧dX∧dY
with g′ = exp 2πY . In particular, when restricted to Z3 the cocycle takes the form
(2.4) C(a;n,m) = e2πia∧n∧m
for constant potentials a = a1dx1+a2dx2+a3dx3. This gives all topological infor-
mation about the cocycle since A/G0 is homotopic to the space of constant vector
potentials modulo the group π1(T
3) = Z3 of large gauge transformations, i.e., the
homomorphisms from T 3 to S1. This follows from the fact that any potential a
on the torus T 3 is gauge equivalent to a potential A′ with
∑
∂iA
′
i = 0, through
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a contractible gauge transformation. The space of divergence free potentials is a
direct sum of the space of constant potentials and its orthogonal complement, the
space A′′ of those divergence free potentials A with∫
T 3
aid
3x = 0
for i = 1, 2, 3. The large gauge transformations act on A′′ ⊕ R3 as translations by
Z
3 on the second summand.
Let Gb be the group of based gauge transformations g, i.e., g(0, 0, 0) = 1. This
group acts freely on A and from the above discussion it follows that up to homo-
topy the moduli space A/Gb can be identified as the set of constant potentials,
parametrized by R3, modulo the action of Z3, i.e., A/Gb = T 3a . The moduli space
torus is denoted by T 3a whereas T
3
x will denote the physical space.
Coming back to the case of Dirac operators on the torus T 3 coupled to abelian
gauge potentials a we again restrict to the constant potentials since the moduli
space is A/Gb ≃ R3/Z3 = T 3a . When a is variable, the potential a =
∑
i aidxi is
a potential on R3a × T 3x ; it is only locally defined on T 3a × T 3x but its curvature
F =
∑
i dai ∧ dxi descends to T 3a × T 3x . With the families index formula this gives
the 3-form
(2.5) Ω =
1
(2πi)3
∫
T 3x
F 3 = da1 ∧ da2 ∧ da3
on the moduli torus T 3a .
We have assumed that the vector potential a is globally defined, i.e., it comes
from a complex line bundle over T 3x with vanishing Chern class. In the case of
non vanishing Chern class we can write a connection in the form ∇ + a where ∇
is a fixed connection and a is globally defined. One can then repeat the above
considerations in this case. The cohomology H2(T 3,Z) is isomorphic to Z3 so the
total moduli space for all complex line bundles over T 3x becomes Z
3 × T 3a .
The form Ω is the Dixmier-Douady class of a complex projective vector bundle.
In the canonical quantization of fermions chirally coupled to a vector potential the
bundle of Fock spaces is defined over the covering R3a but there is an obstruction
coming from a nonzero Ω to push it to a bundle over the moduli space T 3a . Alter-
natively, the obstruction is described by the central extension of the Z3 action on
R
3
a given by (2.4).
Let Sijk with i, j, k = 1, 2, 3 be any tensor with integer entries. Then
(2.6) C(a;n,m) = e2πi
∑
Sjklajnkml
defines an extension for the Z3 action on R3. However, the Dixmier-Douady class
corresponding to this extension is∑
Sijkdai ∧ daj ∧ dak
and therefore depends only on the antisymmetrization S which is p · ǫijk where
p ∈ Z and ǫ is the unique totally antisymmetric tensor with ǫ123 = 1, [11], Section
7. The integer p is equal to 16
∑
ǫijkSijk.
The Dixmier-Douady class is the only topological invariant of a projective com-
plex Hilbert bundle. However, the families index theorem gives characteristic
classes in any odd dimension for a family of self adjoint Fredholm operators. In
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our case the parameter space is T 3 so the odd cohomology is nonvanishing only
in dimensions 1 and 3. The element in H1(T 3,Z) describes the spectral flow for a
family of hamiltonians. It is again computed from the index theorem by taking the
form F 2 on T 3x ×T 3a and integrating over T 3x . For a trivial complex line bundle over
T 3x this gives zero since the (3,1) component of F
2 vanishes. However, twisting with
a non trivial line bundle with curvature f = f1dx2∧dx3+f2dx3∧dx1+f3dx1∧dx2
the (3,1) component becomes f ∧∑i dai ∧ dxi and its integral over T 3x is equal to
the 1-form
∑
i fidai on T
3
a .
Next we show that up to homotopy the same class of projective Dirac operators
over the parameter space T 3a is obtained 1D Dirac operators on a unit circle S
1
θ .
One can apply the construction in [12], Section 2. Let us write T 3 as the product
S1φ ×M with M = T 2. Fix a an element β ∈ H2(M,Z) ≃ Z. Now H1(S1,Z) ≃ Z
and we choose the angular form dφ as the generator; the circle S1φ is a parameter,
in addition to M , for a family of Dirac operators whereas the 1D Dirac operator
is defined on the circle S1θ . The parameter φ measures the holonomy around S
1
θ of
the Dirac operator coupled to a constant vector potential.
The family of Dirac operators is then twisted with a connection on S1θ ×S1φ×M
with total curvature F = i2πdθ ∧ dφ+ β and the index form on S1φ ×M becomes∫
S1
θ
eF/2πi =
dφ
2π
+
dφ
2π
∧ β
2πi
.
In particular, β 7→ dφ∧ β gives an isomorphism between H2(M,Z) and H3(T 3,Z).
The above construction can be slightly generalized noting that we have arbitrar-
ily chosen one circle S1φ in T
3. We can also take direct sums of 1D Dirac operators
corresponding to three different choices of the parameter circle S1φ inside T
3. Giving
weights (f1, f2, f3) ∈ Z3 to the different choices leads to the index form
∑
i fidxi
in H1(T 3,Z) and to the Dixmier-Douady class f ∧ β/2πi in H3(T 3,Z) for a given
line bundle on T 3 with curvature β. More concretely, we may consider a family
of Dirac operators on the unit circle Sθ coupled to an abelian gauge connection
with the structure group T 3. Then the moduli space of gauge connections is again
T 3 and we may twist the family of Dirac operators by a complex line bundle over
S1θ × T 3 with curvature f = dθ ∧ α + β where α/2πi is an integral 1-form on T 3
and β/2πi is an integral 2-form on T 3. Then∫
S1
θ
ef/2πi = α/2πi + α ∧ β/(2πi)2.
In conclusion, we have
Theorem 2.1. The odd K-theory classes on T 3 generated by Dirac operators DA
coupled to U(1) gauge connection A on the torus can be alternatively defined by 1-
dimensional Dirac operators in the fibers of a circle bundle over a 3-torus provided
that the greatest common divisor of the components βij is equal to one.
Proof. The Chern character map from K∗(T 3) to H∗(T 3,Z) is an isomorphism.
The Chern character in the case of the 3D Dirac operators described above is the
generator of H3(T 3,Z3) together with the degree one component f ∈ H1(T 3,Z).
In the case of the family of 1D Dirac operators the Chern character is f in degree
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one and
∑
βifi times the basic form in degree three. The latter has the value 1
for a suitable β if the greatest common divisor of the components fi is one. 
3. Quantization of 1D fermions with an abelian gauge group
As we have seen, up to homotopy, the moduli space of U(1)3 gauge connections
on the unit circle S1 is a three torus R3/Z3 = T 3a where the group Z
3 consists
of the gauge transformations (ein1x, ein2x, ein3x) with 0 ≤ x ≤ 2π acting on the
constant potentials a as ai 7→ ai+ni. Fix an element Ω ∈ H3(T 3a ,Z). We construct
a projective bundle of fermionic Fock spaces over T 3a corresponding to the Dixmier-
Douady class Ω.
To start with consider the trivial bundle R3×F over R3 where F carries a rep-
resentation of the canonical commutation relations algebra (CAR) with a vacuum
vector |0 > . The CAR algebra is generated by the elements b∗(v) and b(v) with
v ∈ H = L2(S1,C3) with the nonzero anticommutators
b∗(u)b(v) + b(v)b∗(u) =< u, v >L2 ·1
when u, v are proportional to the same basis vector ei ∈ C3. We require that the
fermions corresponding to the 3 different coordinates in C3 commute with each
other; this is not essential, we could make them anticommute, this is only to make
certain sign conventions later on simpler. The vacuum vector is characterized by
the property
b∗(u)|0 >= 0 = b(v)|0 >
for u ∈ H− and v ∈ H+ where H− (resp. H+) is the subspace spanned by the
nonpositive (resp. positive) Fourier modes on the circle S1.
Let vj,p(x) =
1√
2π
eipxej denote the Fourier modes in the jth direction ej ∈ C3.
For n ∈ Z3 set b∗(n) = b∗(∑j vj,nj) and likewise for b(n). Next we twist these
modes by a 1-cocycle over R3 allowing the operators depend on a ∈ R3 such that
b∗(n, a+m) = eia∧β∧mb∗(n, a)
where β ∈ Z3 is a fixed vector. This means that the fermion operators are twisted
by a complex line bundle over T 3 with curvature labelled by the components of
the vector β.
The action of the gauge transformations g(m) in the Fock space is now com-
pletely fixed by the condition
(3.1) g(m)b∗(n, a)g(m)−1 = b∗(n+m,a+m) = eia∧β∧mb∗(n+m,a)
and the action on the vacuum vector
(3.2) g(m)|0 >= (
∏
i
Sαimii )|0 > .
Here Si is the shift operator in the i-direction, increasing the fermion number by
one unit;
Si|0 >= b∗(vi,1))|0 > .
The vector α ∈ Z3 corresponds to the spectral flow 1-form in the previous section.
We have SiNjS
−1
i = Nj + δij where
Nj =
∑
p
: b∗(vj,p)b(vj,p) : =
∑
p>0
b∗(vj,p)b(vj,p)−
∑
p≤0
b(vj,p)b
∗(vj,p).
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The shift operator Si is the quantization of the 1-particle space shift operator
sivj,p = vj,p+δj,i in the ith direction in L
2(S1,C3).
Now we can compute the twisted action of Z3 in F . Denote by |N > the subspace
with fermion numbers N = (N1, N2, N3). We can write
|N >= PN (b∗)|0 >
where PN is a polynomial in the creation operators b
∗ of order p = N1 +N2 +N3.
Using repeatedly (3.1) we obtain
g(n)|N >= e2πipa∧β∧nPp(b∗+n)g(n)|0 >= e2πipa∧β∧nPp(b∗+n)(
∏
Sαinii )|0 >
where the subscript +n indicates that all the momenta are shifted by the vector
n. Comparing now the action of g(n)g(m) to the action of g(n +m) on |N > we
get
g(n)g(m) = e2πi(α·m))a∧nβng(n +m) = C(a;n,m)g(n +m).
The group cohomology in degree 2 for the Z3 action on the module of functions of
a ∈ R3 is 1-dimensional, see the discussion in [11], Section 7.1, specialized to the
case n = 3. The cohomology is generated by the cocycle e2πia∧n∧m. One can then
check by a direct computation, projecting the cocycle to its antisymmetric form
Denote k = α · β. Then the cocycle C above is equal, up to a coboundary, to the
cocycle
C ′(a;n,m) = e2πika∧n∧m
where k = α · β. One can check the power k by mapping the (antisymmetrized)
2-cocycle C to the 3-cocycle 12πiδ logC and integrating the corresponding de Rham
cocycle (using a David Wigners theorem as in [11]) over the 3-torus T 3.
Thus Z3 is acting through an abelian extension defined by the 2-cocycle C
with values in the abelian group of exponential S1 valued functions on R3. This
extension is actually central since C(a+ p;n,m) = C(a;n,m) for all p ∈ Z3. The
integer k corresponds to the Dixmier-Douady class Ω ∈ H3(T 3,Z) = Z.
The quantized Dirac operator coupled to the constant vector potential a can
now be written as
Dˆa =
∑
j,p
jp : b
∗(vj,p)b(vj,p) : −
3∑
i=1
aiJ
i
0 +
1
2
3∑
i=1
a2i
where J i0 is the zero Fourier component of the gauge current in the i direction,
J i0 =
∑
p
: b∗(vi,p)b(vi,p) : +
1
2
= Ni +
1
2
where again the vi,p’s are the Fourier modes in the i direction in C
3. One can
check by a direct computation that indeed the family of hamiltonians transforms
covariantly under the gauge transformations, g(n)−1Dˆag(n) = Dˆa+n.
The first term in the operator Dˆa is the quantization of the free Dirac operator
i ddx in one dimension, i.e., the generator of rotations on a circle, the second term
is the ’minimal coupling’ term, written as
∫
: ψ(x)∗a(x)ψ(x) : dx in the standard
physics notation, now restricted to case a = constant; the last term is needed to
guarantee the gauge covariance (corresponds to the last term in [7], eq. (4.5).
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There is an even simpler realization of the gerbe as a projective vector bundle
(but not of the family of quantized Dirac operators) corresponding to the same
Dixmier-Douady class defined by the groupoid cocycle c above. LetH be a complex
Hilbert space with an orthonormal basis labelled by integers N. Fix a pair of vectors
p, q ∈ Z3. Let H = L2(R3,H) and for ψ ∈ H set
(g(n)ψ)N (a) = e
2πiNa∧p∧nψ(a− n)N−q·n
where ψN (a) denotes the component of the vector ψ(a) in the given basis. The
2-cocycle computed from the action is
C ′(a;n,m) = e−2πi(q·m)a∧p∧n.
It differs from C by a coboundary for k = p · q: The equivalence classes of S1
2-cocycles for the transformation groupoid R3 × Z3 → R3 correspond to equiv-
alence classes of gerbes over T 3 which are classified by H3(T 3,Z) = Z. The an-
tisymmetrization of C ′ is exactly C when k = p · q. The Dixmier-Douady class
of the gerbe is obtained from 12πiδlogC which generates the group cohomology
H3grp(Z
3,Z) = Z = H3(T 3,Z), [11], Section 7.
-
4. Quantization of 3D fermions with gauge group U(1)
In 3 space dimensions there is a technical problem related to the fact that only
constant gauge transformations can be canonically implemented in the fermionic
Fock space, [14]. However, one can circumvent this obstacle as follows, [8]. For any
smooth vector potential a one constructs an unitary operator Ta in the 1-particle
space such that
T (a, g) = T−1ag gTa
has the property that [ǫ, T (a, g)] is Hilbert-Schmidt for a smooth gauge transfor-
mation g. This method can be applied also in the nonabelian case.
Now T (a, g) can be canonically quantized in the fermionic Fock space; the quan-
tization is uniquely defined up to a complex phase. In our case, restricting to the
constant vector potentials, the gauge transformation are simply shifts a 7→ a + n
for n ∈ Z3. Denote the quantized operators as g(n). Now g(n) acts in the free
fermionic Fock space. But because of the nontrivial Dixmier-Douady class in
H3(T 3,Z) computed by the index theory argument before, the action is projective,
g(n)g(m) = C(a;n,m)g(n +m).
The structure of the gerbe over T 3 coming from the fermionic quantization can
be further analyzed in a very concrete manner. Let λ ∈ R and define Uλ = {a ∈
A|λ /∈ Spec(Da)}. Then U0 = {a ∈ R3 \Z3} and R3 = U0∪U1/3. The complex line
bundle of fermionic vacua over U0 has curvature
ω =
1
4
trC(F − ǫ)dFdF
where F = Da/|Da| and ǫ = D0/|D0| (in the subspace of zero modes, i.e. 3-
momentum equal to zero, we fix the action of ǫ as multiplication by zero) and the
subscript C refers to the conditional trace trC(X) =
1
2tr(X+ǫXǫ). In the following
we write the discrete momentum as a complex hermitean 2×2 matrix p =∑i piσi
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with σi the triple of Pauli matrices and similarly for the potential a. This means
that in the momentum basis
ω =
1
8
∑
p∈Z3
tr
(
p+ a
|p+ a| −
p
|p|
)
d
p+ a
|p+ a| ∧ d
p+ a
|p + a|
where again p/|p| is set to zero when p = 0 and the trace here is the 2× 2 matrix
trace.
In a similar way the curvature of the vacuum line bundle over U1/3 is evaluated
by replacing D + a by D + a− 13 .
In general, a gerbe is a projective Hilbert bundle over some space X. It can be
described alternatively in terms of local complex line bundles Lαβ over intersections
Vα ∩ Vβ of elements Vα of an open cover of X with prescribed isomorphims Lαβ ⊗
Lβγ ≡ Lαγ leading to the S1 valued cocycle fαβγ · 1 = Lαβ ⊗ Lβγ ⊗ Lγα. Then if
π : Y → X is a projection and Y is contractible we may write
π∗(Lαβ) = Lα ⊗ L−1β
for a family of local line bundles Lα → Uα = π−1(Vα) over Y. This is exactly the
case above, with Y = R3 and X = T 3.
The curvature is formally a sum of two terms: The first is trFdFdF which is
an extension of the curvature formula on a finite-dimensional Grassmannian to
the infinite dimensional setting and the second is the exact term tr ǫdFdF. Both
diverge separately when one computes the infinite sum over momenta p. However,
for a fixed momentum p the first term gives
ω(1)(p) =
√−1
4
∑
ijk
ǫijk
(a+ p)i daj ∧ dak
|p+ a|3
for a ∈ R3. This is the curvature of a unit magnetic monopole located at the
point −p, with period 2π√−1. So the total curvature is the sum of curvatures of
magnetic monopoles located in the infinite lattice Z3 ⊂ R3 but renormalized by the
subtraction of the infinite sum of exact forms located at the same lattice points.
Let us also briefly consider the case of Dirac hamiltonians in the even dimen-
sional case, d = 4, in the simple situation when the first Chern class of the U(1)
gauge field over the torus T 4x is zero. So again all the topological information is
in the holonomies around the four different circles in T 4x which form the group
T 4a . Now the Dirac spinors have 4 complex components and we have the chirality
operator Γ with Γ2 = 1, anticommuting with the Dirac operators.
The families index theorem gives now even characteristic classes on the moduli
space T 4a of U(1) gauge potentials. The cohomology in dimension 4 is one dimen-
sional and what corresponds to the gerbe form Ω before is now the generator in
H4(T 4,Z) = Z. The local trivialization on R4 are now local closed 3-forms.
As before, the Dirac operator is invertible when a ∈ R4 \ Z4. On this set of
potentials the 3-form
ω3 = trCΓ(F − ǫ)dF ∧ dF ∧ dF
is well-defined. We can compute it at each momentum vector p ∈ R4 and the result
is
ω
(1)
3 (p) =
(a+ p) ∧ da ∧ da ∧ da
|p + a|4
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for the first term; the renormalization term involving the operator ǫ is the exact
form
ω
(2)
3 (p) = d trΓǫ
p+ a
|p+ a|d
p+ a
|p + a| ∧ d
p+ a
|p + a| .
Summing over p, both ω
(1)
3 (p) and ω
(2)
3 (p) diverge but their difference is convergent.
5. Gerbes on compact simple Lie groups
Gerbes over compact simple Lie groups have been constructed in several ways;
using the quantization of chiral fermions see [6], or more direct constructions [15],
[17], [16]. As an application of the ideas in the previous sections we give another
construction using finite dimensional groupoid extensions.
Let G be a simple simply connected compact Lie group. The third cohomology
H3(G,Z) is isomorphic to the group Z. Let us fix a de Rham representative Ω of
a class of level k ∈ Z. Let Ω˜ be the pull-back of Ω with respect to the exponential
mapping exp : g→ G. We can then choose a 2-form θ on g such that dθ = Ω˜. The
form θ gives in a natural way a closed 2-form on a groupoid EXP.
The groupoid EXP is defined as follows. The sources and targets of the
groupoid are point in g. For a pair s, t ∈ g there is a morphism s→ t if es = et. This
morphism can be realized as an element of ΩG as g(x) = e−xsext with 0 ≤ x ≤ 1.
This is a based gauge transformation taking the constant vector potential s on the
unit circle to the constant potential t.
Since the morphisms are elements of the loop group we have a canonical closed
2-form on the groupoid as the transgression of the form Ω on G to the loop group.
The set of arrows starting from a point s is disconnected. For example, when
s = 0 the set T0 of targets are the points t such that e
t = 1. Restricted to the
Cartan subalgebra h ⊂ g these points are the points in the integral lattice L
generated by 2π times the coroots hα ∈ h and h/L is the maximal torus H ⊂ G.
The set T0 consists then from the set of G adjoint orbits through L. In the generic
case the adjoint orbit through a point t ∈ L is the smooth surface G/H.
By the homotopy exact sequenceG/H is simply connected, π2(G/H) = π1(H) =
Z
ℓ with ℓ = rank of G. It follows that also H2(G/H,Z) = Z
ℓ. The homology basis
in H2(G/H,Z) is given by the 2-spheres S
2
α of SUα(2) orbits through 2πhα where
SUα(2) is the subgroup with Lie algebra gα corresponding to the simple root
vectors e±α and the coroot vector hα. The image of these spheres in g is the unit
in G under the exponential mapping.
The level k on G is of the form Ω is
Ω =
k
24π2
< dgg−1,
1
2
[dgg−1, dgg−1] >
where the invariant form < ·, · > is normalized such that the length squared of the
longest root becomes 2. The form θ can be written as [10]
θZ(X,Y ) =
k
4π2
< X,h(adZ)Y >
for tangent vectors X,Y at a point Z ∈ g, with
h(z) =
sinh(z)− z
z2
.
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On the other hand, this is obtained by integration along the paths x 7→ exZ from
the 3-form Ω. When eZ = 1 the path is a loop and the resulting form is just the
transgression of Ω to a closed 2-form on the loop group restricted to loops of the
form gZ(x) = e
xZ . In other words, up to a coboundary, θ is the pull-back with
respect to Z 7→ gZ of the standard left invariant form
k
2π
∫
S1
< X, dY >
on the loop group ΩG, with X,Y in the loop algebra Ωg.
To check the normalization of the 2-form θ we just need to pair it against
the homology cycles S2α. But for Z = 2πhα the form θZ gives k/16π
3 times the
area form on S2α at the point Z; the extra 4π in the denominator comes from <
X,h(ad2πhα)Y > expanding h(z) as a power series. On the other hand, the radius
squared of S2α is ||Z||2 = ||2πhα||2 = 8π2 so the integral becomes 4π · 8kπ2/16π3 =
2k. This is what one should expect since the ball in gα with boundary S
2
α covers
SUα(2) twice in the exponential mapping.
The circle extension of EXP given by the closed form θ fixes uniquely the class
of the gerbe defined by the 3-form Ω. The 3-homology of G is generated by any
of the 3-spheres SUα(2) and the integral of Ω over SUα(2) is by Stokes theorem
equal to 1/2 times the integral of θ over S2α.
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